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Abstract

Late-interaction retrieval is the state of the art for visual document search, but it pays
for its accuracy in storage: ColPali represents one page as 1,030 patch vectors, about
258 KB per page, two orders of magnitude more than a single-vector index. Existing
post-hoc remedies pool, prune, or quantize the stored vectors, and none operates below
roughly one hundred vectors per page; methods that reach smaller budgets retrain the
encoder. We first explain this shared limit. Page token embeddings concentrate near a
low-dimensional manifold on the unit sphere, and a simple lemma bounds the MaxSim
scoring error of any code by its covering radius, predicting that sampling-based codes
are near-optimal above the covering demand of the manifold and collapse below it,
at roughly sixteen vectors per page for the measured dimension. We then introduce
generative late-interaction embeddings (GLIE): a spherically anchored code that starts exactly
at normalized clustering, is refined by a network that reads the page, and regenerates fine
patch vectors on demand for reranking a shortlist, all post hoc on a frozen encoder. On the
ten ViDoRe v1 subsets, GLIE retains 80% of uncompressed nDCG@5 while storing 258×
less (4 vectors, 1.0 KB per page), 91% at 64×, and 98% at 16×; its margin over the strongest
training-free baseline, chosen per subset and budget, concentrates below the predicted
transition (+0.069 mean nDCG@5 at 𝑘 ≤ 8 versus +0.020 above, a 3.5× step), and the same
transition reappears when the codec is transferred zero-shot to unseen corpora. Fitting the
code for all ten corpora and six budgets takes 56 GPU-minutes total with 415K trainable
parameters, against roughly 72 GPU-hours per budget for a fine-tuned competitor, which
GLIE also outperforms at five of six budgets under matched training source and budget.
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Generative Late-Interaction Embeddings

1 Introduction
Retrieval over visual documents has converged on late interaction. Instead of collapsing a page
into one vector, models such as ColPali [1] embed every image patch separately and score a query
against a page with the MaxSim operator, the sum over query tokens of the maximum inner
product with any page vector. This design is what makes visual retrieval work: it preserves
local evidence such as a table cell, a plot axis, or a phrase in a figure caption, and multi-vector
representations are provably more expressive than any single vector of comparable size [2].

The price is storage. ColPali stores 1,030 patch vectors of dimension 128 per page, about 258
KB in bfloat16; one million pages cost a quarter terabyte of embeddings before any index structure
is added. The cost is paid at rest, in memory during search, and in transfer at query time, and
the community now names index footprint among the paradigm’s central open problems [3,
4]. The dominant remedies compress the stored set directly: pooling merges similar vectors [5],
pruning keeps a salient subset [6], merging studies combine both [7, 8], and engines quantize each
vector [9]. These methods share a premise, that the compressed representation is a subset or local
average of the encoder’s vectors, and they share a limit: none reports operating below roughly one
hundred vectors per page, and methods that do reach small budgets retrain the encoder [10–12].

This paper starts from a different question: what is the stored object, geometrically? Measuring
ColPali page embeddings, we find the 1,030 vectors of a page concentrate near a curved manifold
of intrinsic dimension around six, living on the unit sphere of the 128-dimensional embedding
space (Section 3). From this we prove an elementary lemma bounding the MaxSim error of any
𝑘-vector code by its covering radius. Combined with classical quantization theory [13, 14], the
lemma makes a testable prediction, stated in Section 3 before any result: clustering-based codes
are near-optimal while the budget exceeds the covering demand of the manifold and collapse
below it, at roughly sixteen vectors per page for the measured dimension. The regime where
storage savings are largest is exactly the regime where every sampling-based method must fail.

The same geometry yields the method. If a page is a low-dimensional surface on the sphere, the
honest compressed object describes the surface rather than sampling it. Generative late-interaction
embeddings (GLIE) build such a code post hoc from a frozen encoder: per-page cluster centroids
are projected back onto the unit sphere, where the encoder actually places its outputs (a free
correction worth up to +0.10 nDCG@5 on its own); a zero-initialized network refines the anchors
while reading the full token set, so the code starts exactly at normalized clustering and can only
improve; and a shared decoder regenerates approximate fine vectors for the top candidates of a
first stage, so a query is answered by cheap MaxSim over 𝑘 vectors per page followed by exact-style
reranking of a shortlist. The decoder emits each stored vector unchanged among its outputs, so
regeneration can add evidence but structurally cannot destroy it.

We evaluate on all ten ViDoRe v1 subsets against the strongest training-free baseline chosen
per subset and budget among normalized clustering, semantic merging, and token pooling, plus a
fine-tuned Light-ColPali baseline reproduced at matched training budget. Our contributions:

• Geometry and a verified prediction. We measure the geometry of page token clouds, prove
a covering-radius bound on MaxSim error, and verify its central prediction: the achievable
margin over sampling-based codes concentrates below 𝑘 ≈ 16 (+0.069 mean nDCG@5
at 𝑘 ≤ 8 versus +0.020 above, a 3.5× step), a transition that replicates across two refiner
architectures, ten corpora, and a zero-shot transfer setting where it is sharpest (Sections 3, 5).

• A frozen-encoder generative codec. Spherical anchoring, zero-initialized page-reading
refinement, and an anchored generative decoder with count-proportional structure, trained
by operator-matched distillation with leak-free negative mining (Section 4).
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• State of the art below the transition, at negligible cost. GLIE retains 80% of uncompressed
nDCG@5 at 258× compression, 91% at 64×, and 98% at 16×; fitting all ten corpora at
six budgets takes 56 GPU-minutes total with 415K trainable parameters (0.014% of the
backbone), and the codec transfers zero-shot to unseen corpora, beating a LoRA-fine-tuned
Light-ColPali at five of six budgets under matched source and budget (Section 5).

Everything in this paper operates on a frozen encoder. We view this constraint as the practically
important one: it is the setting of every team that builds on a public checkpoint, and the setting in
which the strongest published baselines are training-free.

2 Related Work
Late-interaction retrieval.. ColBERT introduced token-level document representations scored
with MaxSim [15]; ColBERTv2 compressed the index with centroid-plus-residual storage [16];
ColPali transferred the paradigm to visual documents and introduced the ViDoRe benchmark,
on which late interaction dominates single-vector alternatives [1]; Video-ColBERT extends it to
video and names storage as its principal drawback [3]. Jayaram proves multi-vector embeddings
strictly more expressive than single vectors of comparable dimension [2] — the structure is
worth preserving, which cautions against collapsing pages into one vector. The gap in this
line: expressiveness is bought with storage, and no account exists of when that storage can be
compressed safely.

Post-hoc reduction of the stored set.. Token pooling merges document vectors by hierarchical
clustering, retaining about 97% of quality at pool factor 4 [5]. For visual documents, Light-ColPali
finds that merging post-projector embeddings retains 94.6% at roughly 36× reduction, its most
aggressive published point being about sixteen vectors per page, and that pruning is ill-suited
to the task [7]; anchor pruning [6] and prune-then-merge [8] extend the near-lossless range. All
store a subset or local average of the encoder’s vectors, none operates below its published floor,
and none explains why they are strong at moderate budgets or why they fail together below them.
Our analysis supplies the explanation, and our method targets precisely the budgets below the
shared floor.

Small budgets via retraining.. ConstBERT learns a projection to a constant number of document
vectors [10]; CRISP trains clusterability into the representation [11]; MetaEmbed trains nested
meta-tokens serving budgets 1–64 at test time [12]; two-dimensional Matryoshka training makes
visual document embeddings elastic [17]. Each requires training or finetuning the encoder, and
each fixes its budgets at training time; changing the budget of a deployed index forces a re-encode
of the corpus. Our setting is complementary: a frozen public checkpoint, cached embeddings,
and a per-budget fit measured in GPU-minutes.

Orthogonal axes.. PLAID [9], EMVB [18], and HPC-ColPali [19] shrink bits per vector while
keeping every vector; Matryoshka learning shrinks the dimension axis [20, 21]; MUVERA sketches
multi-vector scoring for candidate generation but keeps full vectors at rest [22]. These compose
multiplicatively with vector-count compression and are not competitors on the storage-at-rest
axis.

Positioning.. The gaps above are one gap seen from four sides: token sets are treated as
unstructured collections, with no theory of when compressing them must fail. We characterize the
stored object geometrically, prove when sampling it suffices, verify the predicted failure point, and
operate past it with a generative read-out no selection-based method offer. Table 1 summarizes.
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Table 1 Positioning. “Effective < 16 vec/page” means published results at that budget without severe
degradation. Adaptation cost per budget: Light-ColPali as reported by its authors; ours measured
(Section 5.5).

Frozen Effective Budget-elastic Generative Adapt cost
Method backbone < 16 vec (no re-encode) read-out per budget

Token pooling [5] ✓ ✗ ✓ ✗ 0
Cluster merging [7] ✓ ✗ ✓ ✗ 0
Light-ColPali (trained) [7] ✗ ✗ ✗ ✗ ∼72 GPU-h
MetaEmbed ✗ partial ✗ ✗ full retrain

GLIE (ours) ✓ ✓ ✓ ✓ ∼1 GPU-min

3 The Geometry of Page Token Clouds
We first establish what a late-interaction page representation is as a geometric object, then derive
from it both an explanation of the existing compression landscape and a prediction that Section 5
tests.

3.1 Setup

A frozen encoder maps a page to token vectors 𝑋 = {𝑥1 , . . . , 𝑥𝑁} ⊂ R𝐷 , with 𝑁 ≈ 1,030 and
𝐷 = 128 for ColPali [1], and a query to 𝑄 = {𝑞1 , . . . , 𝑞𝑚}. The late-interaction score is

MaxSim(𝑄, 𝑋) =

𝑚∑
𝑗=1

max
𝑖

⟨𝑞 𝑗 , 𝑥𝑖⟩. (1)

A compressed representation at budget 𝑘 replaces 𝑋 by a set 𝐶 = {𝑐1 , . . . , 𝑐𝑘}, scored by the same
operator. We write 𝑟(𝑋, 𝐶) = max𝑖 min𝑗∥𝑥𝑖 − 𝑐 𝑗∥ for the covering radius of 𝐶 with respect to 𝑋.

3.2 Measurements: a low-dimensional manifold on the unit sphere

Three measurements characterize per-page token clouds:
• Intrinsic dimension. The TwoNN estimator [23] gives a median of 6.4 against an ambient

dimension of 128.
• Effective linear dimension. The participation ratio of the covariance spectrum [24] is 13.8,

about twice the intrinsic dimension: the manifold is curved, bending through more linear
directions than its dimensionality.

• Quantization dimension. Per-page 𝑘-means inertia decays smoothly as 𝑘−𝛼 with 𝛼 ≈ 0.44
and no elbow at any 𝑘: a continuum, not a cluster structure. Reading the slope as 2/𝑑 [13, 14,
25] gives an effective dimension of ≈ 4.5, consistent with TwoNN given pre-asymptotic 𝑘.

A fourth property is exact rather than estimated: ColPali L2-normalizes every output token,
so ∥𝑥𝑖∥ = 1 and the entire cloud lies on the unit sphere S𝐷−1. The manifold is a submanifold of the
sphere, and a faithful code inherits both constraints, low-dimensional in arrangement, and on the
sphere. Clustering satisfies only the first: a 𝑘-means centroid is a Euclidean mean of unit vectors
and lies strictly inside the ball, and under the inner products of Equation (1) its deficient norm
attenuates the centroid against every query direction. The following identity quantifies the deficit
exactly.
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Proposition 1 (The centroid norm records its cluster’s spread). Let 𝑥1 , . . . , 𝑥𝑛 be unit vectors with
mean 𝑐. Then

1
𝑛

𝑛∑
𝑖=1

∥𝑥𝑖 − 𝑐∥2 = 1 − ∥𝑐∥2 ,

and consequently the 𝑘-means objective on the sphere equals
∑
𝑗 𝑛 𝑗 (1 − ∥𝑐 𝑗∥2) over clusters 𝑗 with sizes 𝑛 𝑗 .

Proof. Expand ∥𝑥𝑖 − 𝑐∥2 = 1 − 2⟨𝑥𝑖 , 𝑐⟩ + ∥𝑐∥2 and average; 1
𝑛

∑
𝑖⟨𝑥𝑖 , 𝑐⟩ = ∥𝑐∥2. □

Proposition 1 explains two facts we verify in Section 5: re-projecting centroids onto the
sphere is a large free improvement (the attenuation is pure distortion under MaxSim), and the
improvement shrinks as 𝑘 grows (more centroids mean tighter clusters, whose means already
sit near the sphere). It does not imply that the norm must be stored: we test that separately and
report a null result (Section 5.6).

3.3 Theory: a covering bound, and a prediction

For a point set 𝑋, the map 𝑢 ↦→ max𝑖⟨𝑢, 𝑥𝑖⟩ is the support function of conv(𝑋) [26, 27]; MaxSim
evaluates it at the query tokens. This yields an elementary bound we have not found stated for
late-interaction codes.

Lemma 1 (Covering radius bounds MaxSim error). Let 𝑄 = {𝑞 𝑗}𝑚𝑗=1 with ∥𝑞 𝑗∥ ≤ 1 and let 𝐶 be any
𝑘-point code for 𝑋. Then��MaxSim(𝑄, 𝑋) − MaxSim(𝑄, 𝐶)

�� ≤ 𝑚 · 𝑑𝐻(conv(𝑋), conv(𝐶)) ≤ 𝑚 · max{𝑟(𝑋, 𝐶), 𝑟(𝐶, 𝑋)},

where 𝑑𝐻 is the Hausdorff distance. If every 𝑐 𝑗 ∈ conv(𝑋), as for 𝑘-means centroids, the one-sided
degradation satisfies MaxSim(𝑄, 𝑋) − MaxSim(𝑄, 𝐶) ≤ 𝑚 · 𝑟(𝑋, 𝐶).

Proof. Per query token the score difference is a difference of support functions, and the support
map is an isometry from convex bodies with the Hausdorff metric into𝐶(S𝐷−1)with the supremum
norm [27]; bound the Hausdorff distance by the covering radii via Cauchy–Schwarz and sum over
the 𝑚 tokens. □

The covering number of a compact 𝑑-dimensional set scales as 𝑁(𝜖) ∼ 𝜖−𝑑 [28, 29], and the
covering radius of the best 𝑘-point code as 𝑘−1/𝑑. With 𝑑 ≈ 6, this has two consequences. Above
the covering demand, a modest number of centroids covers the cloud at small radius, which is
why training-free clustering and pooling are strong incumbents [5, 7], to our knowledge the first
explanation of that strength. Below it, the code transitions from covering the surface to leaving
regions unrepresented, and any query token pointing at an uncovered region loses its evidence
entirely.

The prediction.. Sampling-based codes should track the uncompressed ceiling while 𝑘 exceeds
the covering demand and fall steeply below roughly 𝑘 ≈ 16 for the measured dimension; learned
compression can pay only below that transition, because above it there is nothing left to recover.
Section 5 tests this on ten corpora, on our own method (whose contribution should vanish above
the transition), and in a transfer setting (where a codec with no corpus-specific information should
show the transition most cleanly). The full-benchmark sweep confirms the first part directly:
normalized clustering trails the ceiling by only 0.021 nDCG@5 at 𝑘 = 64 and 0.045 at 𝑘 = 32, but
by 0.111 at 𝑘 = 16, 0.194 at 𝑘 = 8, 0.251 at 𝑘 = 4, and 0.324 at 𝑘 = 2 (Table 2).
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ò Note

Takeaway A page representation is a curved ∼6-dimensional manifold on the unit sphere,
sampled at a thousand points. Codes must respect the sphere (Proposition 1); sampling the
manifold is near-optimal down to its covering demand and provably degrades below it
(Lemma 1); compression beyond that point requires regenerating the surface, not sampling
it.

4 Generative Late-Interaction Embeddings
Section 3 concluded that below the covering demand the stored object must describe the surface
rather than sample it, and that whatever is stored must live on the sphere. GLIE discharges both
requirements with three components, each of which provably starts at, and can only improve
on, the strongest training-free solution. The encoder is frozen throughout; everything happens
post hoc on cached embeddings. Figure 1 shows the resulting query path and Figure 2 the fitting
procedure.

4.1 Spherical anchoring

Per page, 𝑘-means centroids 𝐶0 of the token set 𝑋 are computed and projected onto the unit
sphere, 𝑢𝑗 = 𝑐 𝑗/∥𝑐 𝑗∥. By Proposition 1 the projection removes a pure MaxSim distortion at
zero cost; empirically it is worth +0.073 to +0.102 nDCG@5 at aggressive budgets on the full
benchmark, shrinking to +0.031 at 𝑘 = 64 exactly as the proposition predicts (Table 2, first two
rows). Normalized clustering, not raw clustering, is therefore the honest baseline for everything
that follows, and the practical one-line recommendation for any dot-product late-interaction
system that clusters: normalize your centroids.

4.2 Zero-initialized refinement that reads the page

A shared cross-attention module refines the anchors against the full token set,

𝐶 = normalize
(
𝑈 + 𝜋𝜃(Attn(𝑈, 𝑋, 𝑋))

)
, (2)

with the output projection 𝜋𝜃 initialized at zero, so the code begins exactly at normalized clustering
and training can only move it where the objective improves. The correction reads 𝑋 directly, so
the code can encode scoring-relevant structure that centroids average away; no post-processing
of 𝐶0 alone could, since 𝐶0 does not contain it. We also evaluated a more elaborate refiner
with tangent-space updates and a dispersion-conditioned gate; across three corpora the two are
statistically indistinguishable (mean difference 0.001 nDCG@5), so we adopt the simpler form
and report the comparison as an ablation. The module is small (415K parameters against the 3B
backbone) and runs once per page at indexing time.

4.3 Anchored generative read-out

A shared decoder 𝑔𝜓 expands the 𝑘 stored vectors back into 𝑁 unit vectors for reranking. Its
structure encodes three guarantees. First, count-proportional slots: cluster 𝑗 owns 𝑛 𝑗 output slots
(
∑
𝑗 𝑛 𝑗 = 𝑁), so the decoder reproduces the page’s actual cluster structure rather than a fixed

learned layout. Second, an exact anchor: slot 0 of each cluster emits the refined vector verbatim, so
the decoded set contains the code set and, because MaxSim is a maximum,

MaxSim(𝑄, 𝑔𝜓(𝐶)) ≥ MaxSim(𝑄, 𝐶) per query token:

6
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Figure 1 Store few, search all, regenerate the finalists. Indexing (once, offline) clusters a page’s 1,031
patch embeddings, projects the centroids onto the unit sphere, refines them, and stores 𝑠 vectors (1 KB per
page at 𝑠 = 4, against 258 KB). Search scores every page on those 𝑠 vectors at pooling cost. Only the top-𝐾
shortlist is expanded back to ≈ 1030 vectors by the decoder and rescored exactly. The asymmetry is the
method: cheap over everything, expensive over almost nothing.

regeneration can add evidence but structurally cannot destroy it, with no init-temperature tuning.
Third, bounded tangent displacement: children leave their anchor only along the sphere, by at most
a learned 𝛼 ≤ 0.75, with a parameter-free Fourier encoding of each child’s index within its cluster.
At query time the first stage scores all pages on the 𝑘-vector codes at pooled cost, and the decoder
regenerates vectors only for the top-𝐿 candidates (𝐿 = 20), which are rescored by full MaxSim;
non-candidates keep their first-stage order.

4.4 Training

The objective is operator-matched: the code and the regenerated vectors are trained to reproduce
the frozen encoder’s per-query-token MaxSim values,

ℒtok =
1
𝑚

𝑚∑
𝑗=1

(
max
𝑙

⟨𝑞 𝑗 , 𝑥̂𝑙⟩ − max
𝑖

⟨𝑞 𝑗 , 𝑥𝑖⟩
)2
, (3)

applied to both read-outs, plus a listwise KL over each query’s candidate list, a one-sided penalty
on negatives that overshoot the teacher (the failure mode that destroys rerank precision), a within-
cluster Chamfer term between regenerated and true vectors, and a support-function matching
term on fixed random directions. Reconstruction error is deliberately absent: it optimizes a
quantity we found anti-correlated with retrieval.

Training uses only training-side queries (Figure 2): hard negatives are mined once from
training queries against training documents under the frozen code, the decoder never conditions
on a query, and evaluation queries touch nothing. Because the two read-outs are separate
deployments (single-stage retrieval versus a two-stage cascade), each is checkpoint-selected on
its own held-out metric; both checkpoints come from the same run and the shared-checkpoint
numbers are retained in the released logs.

7
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Figure 2 Fitting the codec. The encoder is frozen and acts as the teacher; only the refiner (415K parameters)
and the decoder are trained. Operator-matched losses compare the student’s per-token MaxSim to the
teacher’s on every candidate, gold and negative; set-geometry losses act on the gold page’s regenerated
vectors only. Hard negatives are mined once from training queries against training documents, and the
decoder is query-free, so no evaluation query influences any stored representation.

4.5 Cost, elasticity, and transfer

At budget 𝑘 the stored footprint is 𝑘 × 128 bfloat16 values plus two per-cluster scalars (a norm
and a count, a measured 1.56% overhead that we retain for completeness despite the null ablation
of Section 5.6), against 258 KB uncompressed: 1.0 KB per page at 𝑘 = 4. The decoder is one
shared module amortized over the corpus. Because the backbone is frozen, re-fitting for a new
budget touches only cached embeddings — no corpus re-encode — and the refiner and decoder
condition only on centroids, token sets, and cluster layouts, never on anything corpus-specific, so
a codec fitted on one collection applies unchanged to another: Section 5.3 evaluates this zero-shot
transfer directly.

5 Experiments

5.1 Setup

Benchmark and protocol.. We evaluate on all ten ViDoRe v1 subsets [1]. The corpus of each
subset is its set of unique pages: rows are de-duplicated by image identity, and pages without
queries remain in the index as distractors (two subsets repeat pages across many queries; indexing
rows instead of pages understates even the uncompressed ceiling, e.g. 0.29 instead of 0.73 on
TAT-DQA). Queries are split 80/20 into fit and held-out sets with a fixed seed shared by every
method; all learned components use only the fit side, and we report single-relevant nDCG@5 on
the held-out side. Held-out query counts are 100 (ArxivQA, DocVQA, InfoVQA), 56 (TabFQuAD),
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Table 2 ViDoRe v1 (10 subsets), macro-averaged held-out nDCG@5 by stored vectors per page. All
methods post hoc on frozen ColPali v1.3. Margin rows give the gain over the strongest training-free
baseline chosen per subset and budget (macro; micro weights subsets by query count). Oracle reranks the
same top-20 shortlist with true vectors and is a reference point, not an upper bound (see text).

Method 𝑘=2 𝑘=4 𝑘=8 𝑘=16 𝑘=32 𝑘=64

Raw 𝑘-means 0.451 0.494 0.565 0.653 0.746 0.796
Token pooling 0.547 0.571 0.613 0.646 0.695 0.755
Cluster merging 0.462 0.473 0.539 0.611 0.685 0.775
Normalized 𝑘-means 0.523 0.597 0.653 0.737 0.803 0.827

GLIE (stage 1) 0.578 0.641 0.693 0.755 0.815 0.834
GLIE (+ generative rerank) 0.611 0.681 0.731 0.774 0.819 0.835

shortlist oracle 0.765 0.786 0.827 0.837 0.844 0.850
% of uncompressed (0.848) 72% 80% 86% 91% 97% 98%

Margin over best baseline (macro) +.058 +.077 +.073 +.035 +.016 +.008
Margin over best baseline (micro) +.073 +.073 +.080 +.035 +.030 +.016

333 (TAT-DQA), and 20 each for Shift and the four synthetic subsets; we flag where the small
subsets limit resolution.

Encoder and budgets.. ColPali v1.3, frozen, 1,031 patch vectors of dimension 128 per page (257.8
KB bfloat16). Budgets 𝑘 ∈ {2, 4, 8, 16, 32, 64}, i.e. 516× down to 16× fewer stored vectors.

Baselines.. All post hoc on the same frozen encoder at identical stored budget: raw per-page
𝑘-means; normalized 𝑘-means (spherical anchoring alone); semantic cluster merging, the training-
free stage of Light-ColPali [7]; and sequential token pooling [5]. Margins are always reported
against the strongest training-free baseline chosen per subset and per budget — this discipline
matters: token pooling wins several subsets at 𝑘 ≤ 8 and cluster merging wins others at 𝑘 ≥ 16,
so any single fixed baseline would overstate us. We additionally reproduce Light-ColPali’s
fine-tuning stage (LoRA on the frozen checkpoint, their merge in the loop) at matched training
budget (Section 5.4).

5.2 Main results: the predicted transition

Table 2 and Figures 3–4 carry the paper’s central result. GLIE reaches 80% of uncompressed
retrieval quality storing 1.0 KB per page and 91% at 4 KB, budgets at which no published post-hoc
method reports results. The margin over the strongest training-free baseline is positive at every
budget but is not uniform: it forms a plateau of ≈ 0.07 across 𝑘 ≤ 8, halves at 𝑘 = 16, and
decays to noise by 𝑘 = 64 — the transition predicted, before these runs, at 𝑘 ≈ 16 by the covering
analysis. The same step appears independently in the single-stage read-out (0.035 → 0.012),
replicates under a second refiner architecture (4.0× vs. 4.3× on the three development subsets),
and reappears sharpest in the transfer setting below. Two honesty notes. First, four synthetic
subsets have ceilings of 0.96–1.00 and are saturated at 𝑘 ≥ 32 (three contribute exactly zero margin
there), so the small high-budget averages partly reflect saturation, not merely exhausted headroom.
Second, in six of sixty cells the cascade exceeds the full-corpus ceiling; each corresponds to fewer
than two queries changing one rank on a small subset, and a cascade whose first stage retains the
gold page can legitimately beat full-corpus retrieval because the gold then competes against 𝐿−1
rather than 𝑁−1 pages. For the same reason the shortlist oracle is a reference, not a bound, and
the decoder overtakes it in a handful of small-subset cells.
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Figure 3 Retrieval quality against storage per page (log scale). GLIE retains 80% of uncompressed
nDCG@5 at 258× compression and 91% at 64×. The shaded region marks budgets below the most
aggressive published post-hoc operating point (≈ 16 vectors per page, Light-ColPali’s merging factor
49 [7]).

Per-subset robustness: the rerank margin is positive on nine of ten subsets at 𝑘 = 2, and is
strongest and most consistent on TAT-DQA (+0.096/+0.089/+0.107/+0.052/+0.052/+0.028 across
budgets), which at 333 held-out queries is the best-powered subset — the most reliable evidence
is also the strongest. Where the decoder falls below stage 1 at all (10 of 60 cells, magnitudes
≤ 0.019), eight of the ten are at 𝑘 ≥ 16: above the covering demand the decoder has nothing to
add, as predicted.

5.3 Zero-shot transfer across corpora

The codec conditions on nothing corpus-specific, so we evaluate it fitted on one collection and
applied frozen to others: no target queries, no target fitting, only the target’s own 𝑘-means and a
forward pass.

Leave-one-out.. Fitting on two of the three development subsets and transferring to the
third retains 40–73% of the in-corpus margin below the transition (mean decoder margins
+0.037/+0.020/+0.034 at 𝑘 = 2/4/8) and essentially nothing above it (−0.008/+0.009/+0.004): a
16× step, against 4.3× in-corpus. A codec with no corpus-specific information helps only where
the theory says headroom exists — the cleanest of the transition’s five appearances. Going from
one source corpus to two improved the transferred margin in twelve of twelve budget–target cells
(mean +0.006), supporting diversity, not volume, as the lever. Transfer benefit also tracks available
headroom quantitatively: at 𝑘 = 8, ranking the three targets by their baseline’s gap to the ceiling
ranks the transfer margins identically (DocVQA gap 0.195 → +0.070; ArxivQA 0.140 → +0.019;
InfoVQA 0.119 → +0.014).
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Figure 4 The margin over the strongest training-free baseline concentrates below the covering demand
predicted in Section 3: mean +0.069 nDCG@5 at 𝑘 ≤ 8 against +0.020 at 𝑘 ≥ 16, a 3.5× step located between
𝑘 = 8 and 𝑘 = 16. Both read-outs show the step independently.

Table 3 Matched-source, matched-budget comparison, three development subsets, held-out nDCG@5.
Both methods fit on the same 4,000 pages of the ColPali training collection and are applied zero-shot to
the evaluation corpora. Light-ColPali is our single-GPU reproduction (batch 8 versus the authors’ 256;
pairwise ColBERT loss); its authors report ≈ 72 A100-hours per budget at full scale.

Method 𝑘=2 𝑘=4 𝑘=8 𝑘=16 𝑘=32 𝑘=64

Normalized 𝑘-means (free) 0.454 0.535 0.563 0.619 0.666 0.698
Light-ColPali (LoRA fine-tune) 0.488 0.518 0.562 0.637 0.650 0.668
GLIE (frozen backbone, transfer) 0.506 0.568 0.594 0.625 0.665 0.694

5.4 Comparison to a fine-tuned competitor

Table 3 makes three points. GLIE beats the fine-tuned baseline at five of six budgets (by up to
+0.050) and loses at 𝑘 = 16, while training 415K parameters for about one GPU-minute per budget
against a 13.3M-parameter LoRA for about 1.5 GPU-hours. Second, at 𝑘 ≥ 32 free normalized
clustering matches or beats both learned methods — in the zero-shot setting neither fine-tuning nor a
learned codec buys anything above the covering demand, which is the theory’s prediction landing
on a competitor as well as on us. Third, at this matched budget the fine-tune does not consistently
beat free clustering at any high budget; this measures the value of the frozen-backbone setting
rather than diminishing Light-ColPali, which its authors train on 130K queries for 72 GPU-hours
per budget.

5.5 Efficiency and elasticity

Table 4 summarizes measured cost. Fitting GLIE for all ten corpora at all six budgets took 56
GPU-minutes in total. Storage at 𝑘 = 4 is 1,040 bytes per page (1,030 for vectors plus a 1.56%
per-cluster sidecar) against 257.8 KB uncompressed: one million pages shrink from 258 GB to 1.0
GB. Because the backbone is frozen, changing the storage budget of a deployed index touches
only cached embeddings; a fine-tuned method must re-encode the corpus. The shared decoder
(≈1 MB) is amortized over the corpus, and query-time cost is pooled-baseline MaxSim plus 𝐿 = 20
decoder forwards per query in the rerank mode.
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Table 4 Measured cost. GLIE fitting times are wall-clock over cached embeddings (mean over 60 corpus–
budget fits; medians in text); Light-ColPali reproduction at matched budget; published Light-ColPali as
reported by its authors [7]. Storage includes our per-cluster sidecar.

Adapt cost / budget Trainable Backbone Corpus re-encode
Method params updated on budget change

Token pooling / clustering none 0 no no
GLIE 0.93 GPU-min (median 0.43) 415K no no
Light-ColPali (repro, matched) ≈1.5 GPU-h 13.3M yes (LoRA) yes
Light-ColPali (published) ≈72 A100-h 13.3M yes (LoRA) yes

Table 5 Ablations (three development subsets unless noted). Each row changes one component of the full
method.

Variant Effect on nDCG@5

Raw instead of normalized anchors −0.031 to −0.102 (Table 2, rows 1 vs. 4)
No refinement (normalized 𝑘-means) −0.008 to −0.055 (Table 2, rows 4 vs. 5)
No generative rerank (stage 1 only) −0.001 to −0.040 (Table 2, rows 5 vs. 6)
Gated tangent refiner instead of zero-init ±0.006, mean +0.001: statistically tied
Sidecar (norm and count scalars) removed −0.006 mean at 𝑘 ≤ 8: null result, reported as such

5.6 Ablations

Three findings in Table 5 deserve comment. The largest single factor is spherical anchoring, a
training-free projection (Proposition 1). The gated refiner’s extra machinery — tangent-space
updates, a dispersion-conditioned gate — does not pay: across three corpora it ties the zero-
initialized form, so we ship the simpler one. And the sidecar ablation is a genuine null: although
Proposition 1 shows the centroid norm records each cluster’s spread, feeding it to the decoder is
worth only +0.006, within noise — the decoder’s count-proportional structure evidently already
carries the usable part of that information. The norm explains why the sphere projection works; it
is not why the decoder works.

6 Discussion
A prediction with five appearances.. The covering analysis made one falsifiable claim before the
campaign: learned compression pays only below 𝑘 ≈ 16. The transition then appeared in the
rerank margin (3.5× step on ten corpora), in the single-stage margin, under a second refiner
architecture, on a fine-tuned competitor (Light-ColPali gains nothing over free clustering at 𝑘 ≥ 32
zero-shot), and, sharpest, under transfer (16× step), where the codec carries no corpus-specific
information at all. We consider this stronger evidence than any single margin: the theory predicts
where the method works and where it is useless, and both halves verify.

What each component is for.. The decomposition in Table 2 assigns the gains cleanly. Spherical
anchoring is the largest single step and is free; it should be adopted by any clustering-based
late-interaction system regardless of everything else in this paper. Refinement adds most where
coverage is scarce (+0.055 at 𝑘 = 2, +0.008 at 𝑘 = 64). The generative rerank is the aggressive-
budget specialist: +0.040 at 𝑘 = 4, negligible above the transition, and the shortlist-oracle column
bounds what better decoding could still recover (0.786 vs. 0.681 at 𝑘 = 4), splitting the residual
error into decode fidelity (recoverable) and shortlist recall (not, without a larger 𝐿).
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Honest accounting as method.. Two design choices did the most to keep the numbers trustworthy.
Comparing against the strongest training-free baseline per subset and budget cost us headline size
— token pooling wins several low-budget subsets, cluster merging several high-budget ones — but
removes the weak-baseline objection entirely. And the two null or negative results we report (the
sidecar ablation; transferred stage-1 dipping below baseline at high budgets) are both predicted
by the same analysis that predicts the wins, which is precisely what makes the analysis useful.

Practical recommendation.. For a deployed frozen index: normalize centroids always (free);
below ≈16 vectors per page, add GLIE’s refinement and rerank (one GPU-minute per corpus–
budget, transfers zero-shot to new collections at zero fitting cost); above it, use normalized
clustering and spend nothing.

7 Limitations and Future Work
Rate versus location.. Lemma 1 with 𝑑 ≈ 6 predicts the transition’s location, which we verify; the
asymptotic decay rate 𝑘−1/𝑑 at our small 𝑘 is pre-asymptotic and we do not claim a quantitative
rate match.

Single encoder.. All results use ColPali v1.3; intrinsic dimension and hence the transition point
may differ across encoders.

Beyond pages.. The analysis predicts the largest gains where token sets are largest and most
redundant. Video late interaction stores frames-by-patches per clip over a cloud with an additional
smooth temporal axis; the same anchoring, refinement, and distillation pipeline applies unchanged,
and storage is that setting’s named principal drawback [3].

8 Conclusion
Late-interaction retrieval owes its accuracy to storing token-level vectors and its deployment
cost to the same decision. We argued the way out is geometric. A page’s thousand token
vectors concentrate near a curved ∼6-dimensional manifold on the unit sphere, and this one
fact organizes the field: it explains why training-free clustering has been the strong incumbent,
yields a free +0.03–0.10 nDCG@5 correction (normalize the centroids) that any dot-product
late-interaction system can adopt today, and predicts through a covering-radius bound exactly
where every sampling-based code must collapse — a transition at roughly sixteen vectors per
page that we then observe five independent times, including on a fine-tuned competitor and in
zero-shot transfer. Generative late-interaction embeddings operate past that transition: spherically
anchored, zero-initialized refinement that can only improve on clustering, and an anchored
decoder that regenerates the token cloud for reranking without ever being able to destroy stored
evidence. On the full ViDoRe v1 benchmark this retains 80% of uncompressed quality at 258× less
storage and 91% at 64×, beats the strongest training-free baseline chosen per subset and budget
at every operating point, and beats a LoRA-fine-tuned competitor at five of six budgets under
matched source and budget — with 415K trainable parameters, 56 GPU-minutes for the entire
sweep, and zero-cost transfer to unseen corpora. The storage cost of late interaction is not a fixed
tax on its accuracy: the redundancy that makes token sets expensive is structured, measurable,
and, below the covering demand, learnable.
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